Homework 7
Solutions

Problem 1

Solve

() = E :ﬂ x(t)

using the eigenvalue method, for initial condition

il H

For full credit, simplify all solutions to be purely real.

Solution (For the sake of illustration, this solution is a bit more elaborate than necessary.)

Characteristic polynomial:

33—z

l]=dut[[ 4 _1_33]}=[3—3][—1—3}—{—2]- =22 —224+5=(z—1P+4 & z=11+%

S0 the eipenvalues are

M=1+24 Ap=1-—-24

¥

The second is the conjugate of the first, which is expected sinee the matrix is real. Equation for an eigenvector

m for Ay = 1 4+ 2i:
3—(1+ 2q) —2 vin| |0
4 —1—(1+20)] || ~ |0

First row:
(2 — 2i)1qy — 209 =0

We pick 117 = 1, then vy = 1 — 1. The elgenvector is

!
El:[l—i]

An eigenvector ve for As can be obtained analogously, but it is faster to take the conjugate of vy:

|
‘“‘LH]

We obtain particular solutions

_ oA, a1 ega| 1
Ti(t) ="V =€ ’1_1.] ee []_i]

cos(2t) + 1 sin(2f)

i ] ] :
= ' (cos(2t) + isin(2t)) ’ g i] ~ % | cos(2t) + sin(2t) + i(sin(2t) — cos(2t))



and

cos(2t) — § =sin(2¢)

Iﬂ“} = lrf.-:'vzi-q_lg — = gt ’Gﬂﬂl{zﬂ s HiIl{EE} + ej{_ H.inl:Et] + E[ﬂi[ﬂf]]

79 is the conjugate of xq which is not accidental of course. Now the real part of =1 is the linear combination
%[3:1 + x9) which is

£y = ¢! Lm[chllmfg"'{ﬂﬂ]

and the imaginary part is (ry — x2) /21 which is

. — sin(2t)
T2 | _ sin(2t) + cos(2t)
The Wronskian of these two is
B el cos(24) —e! 5in(2t)
WIt) =det | i cas(2t) + sin(21))  et(—sin(2t) + cos(2t))

— &' cos(2t) - '(— sin(2t) + cos(2t)) — (—e' 5in(2t)) - €' (cos(2t) + sin(2t))
= % (cos(2t)® + sin(2t)?) = *

which is nonzero for all £. So #4, #9 are linearly independent.

(General solution:

e’ (e1 cos(2t) — easin(2t))

z(t) = erf1(f) + eaa(t) = | 4 (e1(cos(2t) + sin(2t)) + ealcos(2E) — sin(21)))

To satisfy the initial condition, solve

H — (D) = [m ‘;1 .

with solution ¢4 = 1 and &5 = —1. Then

e ( cos(2t) + sin(2t)
z(t) = ’ { &' 2 5in(2¢) }}

Problem 2

Find the general solution of

using the eigenvalue method.

Solution We calculate the characteristic polynomial by expansion across column 1:

—z 0 1
{1=dut[n 2z u]={—z}?[2—z]—l-{z—;}-1={z—;}{f—1}=[z—z}[z—lj[zH]
1 0 -z



The eigenvalues are

Ai=1 , Aa=-1 Ag = 2
Eigenvector vy for Ay = 1:
] —1 0 1 711 1 — ™M1
ofi=10 1 0O | = a1
] 1 0O —1] |va 11 — V34

In analogous fashion we find eigenvectors
g = ()

and

(General solution:

1?11.*‘: + f_gf:_":

() = cge’!

1?1{.*‘: — -r.gf:_':

Problem 3

Calculate the eigenvalues of

a 1

o =
for arbitrary a. Then sketch the direction helds of ' = Ay fora = —1, a = 0 and a = 1. In each case, for
which initial values y(0) do the solutions y(t)
(a) converge to (0,0), or
(b) converge to inhnity (meaning |y(t)| = o), or
(c) neither,
as ¢ — ool

Solution

ia—z |

{]'=dnt’_l E_E]=[ﬂ.—£]g—l-[—lj={ﬂ—3]ﬂ+l = z=axi

The eigenvalues are Ay = a +1 and As = a — i. The general solution is

y(t) = e™(e1e™v1 + cae 1)



