Name My Class Time 2250 Midterm 3 [Ver 2, 52010]

Applied Differential Equations 2250
Exam date: Thursday, 22 April, 2010
Instructions: This in-class exam is 5 minutes. Up to 60 extra minutes will be
given. No calculators, notes, tables or books. No answer check is expected. Details
count 7H%. The answer counts 25%.

1. (Chapter 5) Complete all.
(1a) [40%] Write the solution x(f) of

2" (1) + 9z(t) = I0sin(2t), =(0) = z'(0) =0,

as Lhe sum of two harmonic oscillations of dillerent natural [requencies. To save time, don’t convert
Lo phase-amplitude [orm.

Answer:
(L) = —45in(3t) + Gsin(21)

(1b) [30%] Determine the practical resonance frequency w for the electric current equation
21" + 7' + 1007 = 100w cos(wl).

Answer:

w = 1/V/LC = 1//2]100 = /50 = 5+/2.

(1e) [30%] Apply the variation ol parameters lormula (33) in Edwards-Penney,

1) ) ([ LD 1) ([ 2L )

to lind a particular solution y, of the equation

¥ (x) + 2y (x) + 17y(z) = 47~
Expected are all integration details and a shorlest expression for y,(x).

Answer:
yp(l) = in(x) [ kl(x)detya(zx) [ k2(x)dz, [(x) = 4™, y1(x) = e cos(dx), ya(xr) = e " sin(4x),
Wi(zx) = 4e™2F k(x) = —y () f(x)/W(x) = —sin(dr), kz(z)f(x) = n(x)[(x)/W(z) =
cos(4x). Then

Wy = y||f;c}/—ﬁillfdu:}fiu: + yalx) f{:{ﬁ{-’-l;c}d:::

1 :
= —t-:_I{leﬁE[tlu:] + ﬁirlg{dﬂ:}}
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UUse this page Lo starl yvour solution. Atlach exira pages as needed, Lthen staple.
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. (Chapter 5) Compleie all.

(2a) [60%] A homogeneous linear differential equation with constant coellicients has characteristic equa-
lion of order 8 with roots (0,0, 2,2, 24, —2¢, 7, T listed according to multiplicily. The corresponding
non-homogeneous equation for unknown y(x) has right side f(x) = 2ze® + 3¢ + 422 + S5cos2x. De-
termine the undetermined coellicients shortest trial solution lor 4. To save time, do not evaluate the
undetermined coellicients and do not find y,(x)! Undocumented detail or guessing earns no credit.

Answer:

The atoms of f(x) are xe®, e, %, cos 2x. Complete the list to 8 atoms, by adding the related

atoms, to obtain 5 groups, each group having exactly one base atom: (1) e, xe®, (2) &, (3)
1,z,22, (4) cos2x, (5) sin2x. The trial solution is a linear combination of 8 atoms, modified by
rules to the new list [1} eT ::;ﬁT,I::E]I rlelr {3] :J':'?j ::,‘1.. x1 !:4} T eos 2T, I::E} rsin2x. The root T of
the homogeneous equation is not used in the calculation.

(2b) [40%] Let f(x) = 3e* + 4sin(2z)(sin(2x) + cos(2x)). Find the characteristic polynomial of a
constant-coellicient linear homogeneous dillerential equation which has f(x) as a solulion.

Answer:

Because :‘iiuz{i’m} = (1—cos4x) /2 [identity cos 20 = 1-2 sin” 0], and sin(2x) cos(2x) = % sin(4x),
then root r = () and roots v = 14i are used to produce the second term 4sin(2x)(sin(2x) +
cos(2x)). Total roots: 1,0, £4i with product of the factors (r — 1)(r — 0)(r® + 16) = —+* +
16r2 — 16r. The DE: 3V — ™ + 164" — 169/ = 0.

Use this page Lo starl yvour solution. Atlach exira pages as needed, Lthen staple.
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. (Chapter 10) Complete all parts. It is assumed thal you have memorized the basic 4-ilem Laplace
inlegral table and know the 6 basic rules [or Laplace integrals. No olther tables or theory are required

Lo solve Lthe problems below. Il yvou don't know a table entry, then leave the expression unevaluated [or
partial eredil.

(3a) [60%] Display the details of Laplace’s method Lo solve the system for z(t). Don’t waste Lime solving
[or y(t)!

= 3xr + 2y,
ylr__*'f:-

z(0) =4, y(0)=0.

Answer:

The Laplace resolvent equation (s — A)C{u) = u(0) can be written out to find a 2 x 2 linear
system for unknowns C(x(L)), L(y(l)). Cramer's rule applies to this system to solve for L{x(l)) =

5
G-DG-1)
(3b) [25%] Find f(1) by partial [raction methods, given

Then partial fractions and backward table methods determine z(t) = 8% — 4et.

Bs + 48
L{f(L)) = .
(/1) 5%(s+4)
Answer:
COf(0) o M L £(—1+ 12t + 1)
- g2 5 s+4 =
(3c) [25%] Solve for f(t), given
d* 120
— L f(L)) = i
TaLU)=—
Answer:
Use the s-differentiation theorem and the backward Laplace table to get (—£)2f(t) = 12011 /4! or
() = 5.

UUse this page Lo starl yvour solution. Atlach exira pages as needed, Lthen staple.



