CSCI 570 - Summer 2015 - HW 3

1. Solve Kleinberg and Tardos, Chapler 4, Excrcise 8.

Assume that T and T are two distinel minimum spanning Loees [or Lhu
Lhe graph. This implies that Je © T such that ¢ ¢ 7. Adding ¢ 10 T
resulls in a eyele €. Since the edee weights are distinet, there i & uniguoe
maximum weighl edge emar in . By Lhe cycle property ('rop. 4.20) in
Lext) no minimum spanning Lree can conlain pmge. This conlradicls Lhe
[act Lhal emar is cither in T or in 7'

NOTE : Problems 2 and 3 can be trivially solved by ignoring T and
compuling an MST for ¢ [rom scralch. The objective of Lthese ecxercises is
Lherelfore Lo come up with algorithms thatl run [aster than computing [rom
scralch. For problem 3, vou can assume Lhal d s a constant independent
of Lhe numbwer of vertices in €

2 Assume Lthal you are given a graph ¢ and a minimom spanning Leee T
of & A pew alge ¢ is added Lo & (withoutl introducing any vertices) Lo

creale a new graph (7. Design an algorithm that given 7, T and ¢, linds
a minimum spanning for (7.

We add Lthe odpe ¢ o Lhe mimnimum spanning eee T and Lhis creales
a (unique simple) cycle . Lel egae be an edge of maximum weight in
Lhe eycle . We claim that T := T'U {e}\ {emae } 18 & minimum spanning
Lree [or Lhe new graph ¢

Prool of claim:

Sinee T' is a tree and has V| 1 edges, il clearly spans (4.

Il wie) = wlemar ), then by the eyele properly (page 147, 4.20 in text) T
is an MST of (7 and since in this case T has Lhe same weighl at T', T is
an MST of (¢ as well.

We now deal with Lthe case w(e) < wemaz ). Sinee w(1") = w1 | wie)

wEmay |, we see Lhat w(T") < wT). Assume that T is nol an MST of (.
This implics that Lthere exists T, such that w(T,p ) < w({T').



Observe Lhal it is peccssary Lhal ¢ is conlained in Tope, Olherwise 1.,
would be a spanning Lree of €7 that is of weight lesser than the MST T

Il we remove ¢ [rom Tape, Lhen we gel. bwo disjoinl connecled componeols
(call Lthem A and ). Since T is a spanning Lree, there exisls a unigue
edee ¢ in T thal connects A and /. Further, by construction, ¢ is in
the eycle €. Construct the spanning tree Ty := Top U {ey ) Y {e]) which is
aclually contained in (7.

wlTape U {er } N {e)) = wTope) | wler) — wie)
< w(l | wley) — wle)) = w{l) + wie)  wlemaz) + wieg) — wie)
w(1) 1 wley) — wlemas)

Sinee wemar) = wiey ), w(l3) < w1 and this conlradicts the [act thal,
T 15 an MST of 7. Hence our assumplion B wrong and 7' is indeed an

MST of (.

Running Time: All we need to compute is Lthe edpe e, Construcl
Lhe unigque path (call 1*) in 7' that connects Lhe Lwo ends of ¢, This can
be accomplished using BFS in @(r) time. The eycle O is 7 concalenaled
wilh ¢ and we compule ¢ 8% a maximum weighted edge in .

3. Assume Lhal you are given a graph ¢ = (V, F) and a minimum spanning

Leee T of €. A new edge v is added Lo ¢ (along with d edges Lhat conneet,
v Lo ) Lo creale a new graph (0. Design an algorithm Lhatl, given 0, T

and the sel of edpes connecling © Lo (7, [nds a minimum spanning for (.

Pick an edge [ that crosses Lthe cut (V, {u}). Clearly T'U{ [} & a minimum
spanning Lree of the graph = (VU {u}, EU{}). Obscrve Lthat & can be
oblained [rom ¢ by a sequence of edge additions. Bul [rom Lhe solution
Lo problem 2, we know how Lo updale Lhe minimum spanming Loee when
an cdpe is added ! Henee we have an algorithm Lo compule a minimom
spanning Lree for O by a sequence of updates. The degroe of « s d and Lhe
cycle €7 Lhal appears in cach update step could be big (as big as O(|V])).
Thus the lotal running Lime is Ed|V]).

Fun Problem: There is an algorithm that updates the MST in OV [lag|V])
Lime even il d is as big as (|V]). Can you think of such an algorithm 7

. You are given a weighted dirceted graph 0 = (V, £, w) and the shortest
path distances 8(s,u) [rom a souree verlex s o every olher vertex in G
However, you are nol given w{u) (Lhe prodecessor pointers). With this

information, give an algorithm Lo lod a shortest path [rom s Lo a given
verlex Lin OV | [#£]) time.



|
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Solution 1:

(a) Starting [rom node L, go through Lthe incoming edges Lo L one al a
Lime Lo check i the condition (s, L) = wiu, L) | 8(s, u) is salisled for
some (u, L) C k.

(b) There must. be at keast. one node u salislying Lhe above condition,
and this node o must be a prodecessor of node 1.

(e} Repeal this check recursively, Le. repeal Lhe lirst step assuming node
u was Lhe destination instead of node Lo gel the prodecessor Lo node
i, unlkil node s s reached.
Complexity Analysis: Since cach dirceted edpe is checked al most
once, Lhe complexity is Of|V] | |E£]). Nole thal constructing Lhe
adjacent list of ™ in order Lo [acilitale acoess Lo Lthe incoming
edges is needed, which is still bounded by O(|V] 1 | E]) complexity.

CGiven a directed graph with positive edee lengths and a souroe node s
and a sink node £, design an algorithm Lo compute Lhe nmmber of shortest

palhs [rom s Lo L.

We modily Dijksira’s algorithm (page 138) Lo accomplish this. For a
vertex s, let Cound(u) denole the number of shortest, paths [rom s Lo w.
Initialize Counl(s) = 1 and lor all v # 5, Cound({u) = 0.

When an edge (u, v) with u € 8, v ¢ 5 is relaxed, there are three cases Lo
consider for updaling Cownd.

Il div) < d{u), do nothing.

Il d{v) > d{u) | £(n,v), then update Count|y] = Counl|u] sinee we have
[ound a polential shorlest path Lo » through # and @ could be reached in
Cownd [u] ways.

Il dw) d{u) | E{u,v), then sel Cound(v) Count{v) | 1 since we
havwe found another way Lo peld o v with the same ength.

Consider the lollowing modilication o Dijkstras algorithm lor single souree
shortest palhs Lo make 1L applicable Lo direcled graphs with negalive oedge
lengths. I the minimum edge length in the graph is w < 0, then add
w | 1 o each edee lenplh thereby making all the edee lenplhs posilive.
Mow apply Dijkstras alporithm starting [rom the source s and outpul Lhe

shortest paths Lo every other vertex. Does Lhis modilication work? Either
prove Lhat il correctly linds Lthe shorlest palth starting [rom s Lo every



