COMBINATORICS OF MULTITVARIABLE POLYNOMIALS

Monomials, the ingredients of polynomials, are algebraic expressions such as #%y%z,

or, in generality, £ z5™2 - - -z 4. They give rise to three related combinatorial questions
that are prototypes of problems that arise in many other contexis. One of these questions
gives rise to the multinomial coeflicients, another to the lormula for the number of ways
of distributing indistingnishable objects into boxes.
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The simplest cxample

How many (homogeneous) quadratic monomials in 2 variables are there? (How many
terms can a quadratic polynomial have?) We list them:

2, ¥, zy : 3ilcms.

How many times does each monomial oceur in (x + y)*7? Note that each noncomumu-
tative monomial oceurs once:

2

2, zy, wyr, y : 4 itcms.

S0 we are asking how many noncommuiative monomials (different orderings of the [ae-
tors) reduce to the same commutative monomial. The answer is different for different
cxponcnt structures:

z, yz : 1 each. Iy L
How many noncommuiative monomials are there in all?
1+24+1=4 (sum of a row of Pascal's triangle)

(In fact, we already saw this at the first step of answering Question 11.)
Remark: The general polynomial of this type could be writien

az® + bry + e,

Axr? + Bizy + Bayz + Cy® = Az? + 2Bxy + Cy?

where B = ;{Bl + B3) and we might as well take By = By = B. If we define ) = =,
Fo =9, Ay = A, Aya = Agy = B, Azs = O, the polynomial becomes

2 .
ZZ HiinIj .

i=1 j=1

(Lincar algebra students know that these coeflicients form a malrix,

(As) = (; {E) o

Knowing the answer Lo question IT allows us io replace the redundant sum over ordered
pairs of indices (i, 7) by a sum over inequivalent terms:

. 2
Anz” + 2410135 + Asaxs.

Noic Lthat the index nolation promises to case the generalization Lo more variables or higher
degrees or both.



Cubic {or higher) polynomials in 2 variables

I) How many monomials are there? Put 3 (or n) objects (the clementary linear factors)
into 2 boxes (labeled by the variables). We calenlate all arrangements of n objects
and 2 — 1 = 1 divider, the objects being indistinguishable: ("*27') = n+ 1, which is
4 when n = 3. We can easily list them:

=, iy, =y, .

I} How many noncommuiative monomials reduce to 2™ ™ with n; + ne = n? The
answer is Lhe binomial coeflicient

1! n! n
nplng!  ny!(n—n)! ny /S

(n,n2) =(3,0) : 5 =1 : e
(n,ng) =(2,1) : =3 : =y, zyz, yr’
and two more cases symmeirical to these.

For n = 3:

IIT) How many noncommutative monomials in all? The casy way is to note that each
[actor chooses a variable, which is 2™ choices. The hard way is Lo sum up the answer
to I1:

Z Cl) = 2"  (sum of a row of Pascal’s triangle).
i=0

Forn=3 thisis8=14+3+3+ 1. The answer to I is the number of terms in this
S11111.

Quadratic monomials in 3 (or more) variables

I} How many monomials? Put 2 objects (lactors) into 3 (or d) boxes (variables): (*157'),
which is 6 when d = 3. Check by listing them:

2, iyt 2, =xy, =z2, Y=
ITI) How many cases with the structure z™z"2 .. 24 with ny + g + -+ + gy = 27

The answer is the multinomial cocflicient n.!nj.'[---m!' For d = 3 the only essentially
different cases are

(2,0,0) : 1
(1,1,0) : 2
(Each of them occurs 3 times. )

I11) How many in all? Each factor chooses a variable, so the answer is d°. For d = 3, we

get 9= 14+1+1+2+4 2+ 2, so this checks against I1. In general, we get a generalized
“Pascal’s pyramid” identity,

n,+n;+---tng=2

21
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The general case: nth-degree polynomials in d variables

n+d—1
i ;

ITI) How many cases with structure 21" 72 -- -2 withna + na2 + --- + ng = n?

I) How many monomials?

71!

ﬂ|!ﬂ3! ﬂd] ]
IT) How many noncommutative monomials in all?
fytnzt--tnRd=n

-
o = Z nylngl --- ngl
n, =0 shbii '

There is one term for each monomial in I One way to get this equation is to evaluate
(x1 +---+x4)" with all x; = 1.

The general polynomial E. e _Ajiy i T, Ty -, can be writlen as a sum over
all inequivalent index strings, w1gh1.-m'1 by the mnll:nrmmm.l cocllicicnts:

In|=n

Z :1! A "

mn

where

n:{ﬂ']r"?ﬂdL |Il| Eﬂ'1 n! = ]:[I"I!-,' I“:j:lnl"'xdn‘
i=1

Dierivatives
How many 2nd-order partial derivatives in 2 variables are there?
O R
Axt’ &y’ Axdy  Ayor

It is ecasy to sce thal derivative operators will behave just like monomials; all the same

questions can be asked and answered in the same way, (Fourier and Laplace transforms
change derivatives into multiplications by new variables, so this had to work out the same
way lor consistency.)
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