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(1) Coefficient matrix and augmented matrix of a system of linear equations.

(2) Reduced row-cchelon form of a matrix characterized by three conditions:

a. If a row has nonzero eniries, then the first nonzero entry is 1, called the
lcading 1 in this row.

b. If a column contains a leading 1, then all other entries in that column are
ZCTI).

c. If a row contains a leading 1, then each row above contains a leading 1
further to the left.

(3) Reduction of a matrix to redueed row-echelon form by using three kinds

of row operations (swapping rows, multiplying a row by a nonzero number,
and adding a multiple of a row to another).

(4) Use reduction to reduced row-cchelon form to determine whether a system
of lincar equations is inconsistent, uniquely solvable, or solvable with an
infinite mumber of solutions and to give a general solution (if it exists) by
using free variables.

(5) Use reduction to reduced row-echelon form to determine whether a square
matrix is invertible and to find its inverse if it is invertible.

(6) Determinant of a 2 x 2 matrix. Formula for the inverse matrix of a 2 x 2
matrix with nonzero determinant.

(7) The span of a set of vectors. Redundant vectors in a sequence of vectors.
Lincar dependence and independence of a set of vectors. Subspaces. Bases.
Dimension.

(8) Determine the rank and the nullity of a matrix. Find a basis for the
image and for the kernel of a matrix. Rank-Nullity Theorem.

(9) Equivalence conditions for the invertibility of an n x n matrix A:  unique
solvability of A¥ — b, rref(A) — I, rank(A) — n, im{A) — B®, ker(A) — {0},
colomn vectors forming a basis of R®, column vectors spanning R™, column
viectors linearly independent.



(10) Special lincar transformations: rotations, dilations, projections (onto a
line or a plane), reflections, and shears (horizontal and vertical).

(11) The column vectors of the matrix of a linear transformation equal to its
images of the standard vectors.

(12) Relation between matrix multiplication and the composition of linear
transformations.

(13) Coordinates with respect a basis of a subspace. Matrix of a linear

transformation with respect to a basis. Relation of matrices of the same
lincar transformation with respect to two different bases. Similar matrices.

Powers of similar matrices. Similarity as an equivalence relation. The vector
r and and its new coordinates ¥ with respect to a basis vy, - - - | 4, are related

by
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A matrix A of a linear transformation T from K™ to B® is related to the new
matrix
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(14) Concept of a linear space (also known as a vector space). Addition and
scalar multiplication in a lincar space and the laws (associativity, commu-
tativity, distributivity, etc.) satisfied by them. Examples of linear spaces:
solutions of differential equations, spaces of polynomials, spaces of matrices,

ctc. Dimension of lincar space. Finite and infinite dimension.

(15) Gram-Schmidt process of inductively constructing orthonormal vectors
Uy, iy from lincarly independent vectors oy, --- 4, in R™. -1':'14- 15 the
orthogonal projection onto the subspace spanned by @y, --- 4, (which is
the same as the subspace spanned by #,,--- ;) and #; is the unit vector

in the direction of t};-l.

(16) QR decomposition of an n x m matrix A in the form QR, where ) is
an n ¥ m matrix whose column vectors are orthonormal and R is an m x m
matrix which is upper triangnlar with positive diagonal entries.
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where R is the upper triangular m x m matrix whose (2, j)-th entry is
Tij = t; - 0.

(17) Orthogonal transformations as length-preserving and orthogonality-preserving
transformations. Orthonormal set of vectors and orthonormal basis. Pythagorean
theorem. Canchy-Schwarz inequality. Angle between vectors.

(18) Transpose of a matrix. Product of transposes of matrices and inverse of
the transpose of a matrix. Symmetric and skew-symmetric matrices. Inner
product of two vectors as the matrix product of the transpose of a vector
and the other vector: o - wf — o7 w. The kernel of the transpose of a matrix
as orthogonal complement of the image of the matrix: (im(A))" — ker(AT).
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