The Need for a Type System

« Consider the (untyped) lambda calculus
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* Everything 1s encoded as a function
Type Systems = 5o we can easily misuse combinators
- falke 0 ifOthen .. etc.
= This is no better than assembly language!
What is a Type System? A Definition of Type Systems

+ A type system 15 some mechanism for distinguishing
good programs from bad

= Kok parpramE =iy e “A type system is a tractable syntactic method for

* Bad programs = ill typed or not typable proving the absence of certain program behaviors
by classifying phrases according to the kinds of

values they compute.”

* Examples:
— Benjamin Pierce, Types and Programming Languages

= O+ | 1 well typed
= false 0 /Vill-typed: can't apply a boolean

= | + {if true then 0 else false) // ill-typed: can't add
boolean to integer

Simply-Typed Lambda Calculus Type Judgments

*ex=n|x|Axte|ee * QOur type system will prove judgments of the form
= Functions include the type of their argument = Ale:t
= YWe don't F‘Eill‘f need this, but it will come in hll'ld}' LI type environment ﬁ*ﬂprﬁggmn e has type ™

*tx=int|t—t

= t| — t2 is a the type of a function that, given an
argument of type tl, returns a result of type t2

- tl is the domain, and t2 is the range




Type Environments

+ A type environment is a map from variables to
types (a land of symbol table)
" & is the empty type environment
- A dosed term e is wellyped if & + e :t for some t
- We'll abbreviate this as - e :t
= A, x:t is just like A, except x now has type t
- Thetype of xin A xtist
- The type of z7x in A, xct in the type of z in A

* VWhen we see a variable in a program, we look in
the type environment to find its type
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Example
A = - int—int
- domiA)
A - int—int A 3cint
A -3 :int

An Algorithm for Type Checking

* QOur type rules are deterministic
= For each syntactic form, only one possible rule

* They define a natural type checlang algorithm

= TypeCheck : type env X expression — type

TypeChack{A, n) = int
TypeCheck{A, =) = if » in dom(A) then Afx) els= fail
TypeCheck{A, doct.e) = TypeCheck({A, xt), g]
TypeCheckiA, el el) =
lat £l =TypeCheckiA el) in
lat £2 = TypeCheck{A &) in
if dom(tl) = t2 then range(tl) else fail

Type Rules
x dom{A)
A= nint A+ A
A xtre:t Arel:t—=t Arel:t
A - Mocte tt—tf A el 2t
Another Example
A = + tint—int—int
B=A x:int
+ dom{B)}) = domi(B)
B —+ i—i—i B x i
B~ + x:int—int B+3:int
Br-+2x3:int
A+ (Mocint.+ x 3) sint—int A-4-int
A+ (Mocint.+ x 3) 4 -int
'
h We'd usually use infix x + 3
Semantics

* Here 1s our semantics, with integers

= MNotice that the last rule requires that el is a function

- The other cases are undefined (i.e., an error)

n—'n | (Axel) = oel)

el = he efedw] —'e
el e2 —+l @’




Semantics with Error

+ |f we want to make this precise, can add a new
term error

= |nvalid programs reduce to error

el =I'n
el e2 = error

el = error
el e2 =/ error

Soundness

* Theorem: If e 1s a closed term and - e : t for
some t,then e =+ e where e is not error

= Note: | will omit the argument types in the proof

* Lemma: f-e:tand e —+'e’,then e’ :t

= MNotice e’ cannot be error, because no type rules for it

Proof: By induction on the reduction e =&
= Base case & = n trivial

» Base case e = Aa.e trivial

Soundness (cont’d)

* Induction: Suppose e = el e
= Then by assumption this type checks by the rule
Feliu—u" +rel:u
el el:u

= Since - el :u—u’, by induction we have el —+ |

where - el’ :u—u". Then locking at the type rules,
the only reduction result that could be typed as a

function is an expression *oce. But then we can use
the reduction rule

el =+ hoe efe?w] —'e

Soundness (cont’d)

el e2 =g
Product Types (Tuples)
en=..|(e,e)|fste|snde

Are:t Are:t

Arlelel):t®t

Are-txXt Are:tXt

A=-fete:t A-sndea:t
* Or, maybe, just add functions

" pair :t +t" +tX¢t
= fet:tXt"—+t
= gnd :t X t" =+t

* Also, since - Aoxce :u—u’, we must have applied the
type rule

xu-eau

- Axe u—u’

* Then since x:u - e :u’ and ~ e : u, by the substitution
lemma {omitted), we know ~ e[e2'w«] :u’. Then by

induction again, we know that - e’ :u’,and so we're
done.,

Sum Types (Tagged Unions)

ex=..|inL, e|InR e

| (case e of xI:tl — el| x2:t2 — el)

Are:tl A-e -t
.":'l.l—inLﬂE:l:|+ﬂ J"-'-.l—inﬁﬂe:t|+t1

A xltl el -t A x282 - el -t

A+ [case e of xlt] — el | x212 — el) :t




