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Subgaussian tails

1= [Definition. Say that 3 random variable X has a subpausxian distribution

with scale factor o < oo if Pexp{tX) < cxp(o®r*/2) for all real 1.
For cxample, if X is distributed N0, o%) then it is subgasssian.

=2> Example. Supposc X is a hounded random vanable with a symmmetric

distribution. That is, |X| < M for some constant M and —X hasg the same
distribation as X. Then

rtPxt
Pexp(rX) =1 +E I
kN
By symmctry, PX* = 0 for cach odd k. For cven k, bound PX* by M*, lcaving
e e i
Poxp(tX) =1 "‘Zﬁ = cxp( M2 /2)

LN
[1 becanse (2k)! = 24! for cach & in M.

The arpument for bounding the maximoum of normal random variables
carmics over o subgrausgiansg

<3> Theorem. Supposc X1, ....X. arc subgaussian with scale factors bounded

by a constant o . Then Pmax; . | X;] = iu:r,,-"'] + lop(2#).
Praaf. For cach ¢ = 1),
cxp(tPmax | X;|) = Pmaxexp(r|X;]) = ¥ (P + Pe™'*) < Znexpljo™’)

d*=n P2 .
]

[1 Choose t = log(2a) fo.

In fact, we could improve the incguality o give similar bounds for various
L¥ norms of max; -, | X;| by choosing slightly different convex functions instead
of x = cxp{rx). | won’t derive these bounds cxplicitly becanse there is an cven
better incoguality obtainable from another characterization of subraussianity.

<4= Theorem. Supposc PX = 0. Then X is subgaussian if and only if therc

cxists a finite constant C fiwr which Pexp(X?/C?) < oo,
Proof. If Pexp(tX) < cxpior®/2) for all rcal ¢ then

8 u]
Pexp{X*/4o®) — 1 = rf 1X% 0t = t = 0}’ dr
1]

(51
-;"f |7’c::t|1-(lxlq"ll.i —I') di
i i

< f F[a:p{rﬁfaHmp(—xﬁ;a)}s ' dt
1]

(5.1]
-;"f 2P dr = oo
n

Conversely, if PexpiX2/C?) = D < oo then, from the incguality
ab = (a® + b%) /2, we got
xl c]iul

Pexpi(rX) < Pexp (E + T) = Dexp{C 14).

13 January 2()5 Asymptopia, version: 13jan(l5  (c) David Polland 1



[]

2.

This bound is not quitc what we necd for subgaussianity. If we bound ¢ away
from zero we can climinate the 1 if D < cxpl MC®5%) for some constant M
then

Poxpi(tX) < cxp((M + 1)C°")  for | = 3.

If & ix small ecnough, the Taylor expansion gives, for small enough 4,
Pexp(rX) = 1+ 1PX + 1°PX* + o(r%)
= exp (301 + PXY) when |f] < 5.
The subgaussianity bound follows.

Subgaussian random variables can also be characterized by an exponential
tail bound. Take r = x/o? in the incoguality

PIX = x} < cxp(—tx)Pexp{tX) < cxp(—tx + o1 /2)
to deduce that
PIX = x} <cxp{—x"/207)  forx =0

Replace X by — X, which is also subpanssian, then add | to denive the analopoos
two-sided bound. Conversely, if PJ|X| = x) < € caxpi—x*/20?) then

[51]
Pexp(X* /o) — 1 =P f [X? = 9g%t = 0)e' dt
=
=f P[IX] = 3024/1)e" di
L1

0
< f Cexp(—W /24 1) df < o0
i

which, via Theorem <4, gives subranssianity.

Orlicz norms

The convexity arpument used to prove Theorem 3= also works for higher
MCHMCTS.

F
P X; 4 X;|¥ = XIF=N X:|F.
( max | I) = Pmax|X;|" = 3 PIXi|* = N maxPjx;|

i<

P X;:| < X; - NP X; f = 1.
r‘_rg,fl I_‘r‘_rggl ILE rf_t:ﬂ:ll | or p =

More gencrally, if ¥ s a nonncgative, convex, strictly increasing function
on RY, then, for cach o = (),

IX:1y 1X;]
v (Pmax ) < Pmaxy (1)

< 3e (1)

et
| X;1
== A& max e
- = P‘I,# ( o

If & ix such that Py (| X;| /o) < 1 for cach i then we have
Pmax |X:| <ay "W).
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Most authors actwally reguire
il =0
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Defimition. An (rlicz function is a convex, increasing function & on R+
with [} = ¥il)) = 1. Define the Orlicz norm || X ||y (scminorm actually, unlcss
o Mdentifics random varfables that are almost evernywhere cgual) by

| Xlly = imnflc = 0: P¥{X|/c) =1},
with the undcrstanding that || X ||y = oo if the infimem muns over an cmply sct.

It is not hard to show (Pollard 20000, Problems 222 through 224) that
I Xlly <= oo if and only if Py (| X|/C) = oo for at least one finite constant .
The infimom defining || X ||y is achicved when the norm is finite.

Example. Let ¢rix} = exp{x®) — 1. Then | X ||y < oo if and only if X — PX
is subganssian.

Motice that a bound on an Odicz norm, | X[y = o, austomatically gives a
tail bound,

PlIX] = x} = Py (IX|fo)/¥ixjo) = 1/¥ixfo) forx=0

For cxamplc, if ¢{x) = ;EIP{IIJ thcn we get a subpanssian tail bound.
Somctimes it is possible to find 8 such that (| X|/8) < K, for a constant
K = 1. It then follows from convexity of o that

e B — =

IXlly < 3/6 e

hecanse
Py (B X]/8) < 6P (| X)/8) + (1 — @) (0} < 8K + (1 — @) (0) = 1.

Example. (Comparc with pape % of van der Vaart & Wellner (1996).) Let
¥ be an Odicz function (such as exp(x®) — 1, as in Problem [1]) for which
there exisis a hnite constant Cp such that

Wil () = ¥ {Coxf) for yrie) A dr(8) = 1.
Then
N . 2-¥O)
iﬁlxrli = Cyr {H}gﬂl-‘élly where 1= I— e "

To prove the asscrtion, define D = Coyr " (N) and & = max; <y | Xi||y. Motice
that ¥(D/Cy) = N = 1. When yr(max; |X;[/D8) = 1,

(=50 D) (=) 30 (%)

() o5 ()

Take expectations.
Hf(me) =1+ N 'Eﬁﬁr(?) =2

Invioke incguality <8

That is,

Finally, notice that if || X]ly = o for ¢i{x) = expix®) — 1 then
Px |
2
A bound on the Orlicz norm, for this particolar ¢, @ives a bound on moments
of all orders.

= pPexp{X?/a?) < 2p.
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