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0.1 Notation
experiment (X', A, Py : he H)
test ¢ © A — [0,1]
power w(h) = Epd(X)
level a : supy. gy, w(h) < o

1 Local Asymptotic Normality in Testing

Proposition 1 ((sce van der Vaart, 1998, Proposition 15.2, p. 217)). Supposc X ~ N(h, Y} ond
e Yo = 0 for some known e, In testing the null hypotheais Hy - ¢h = 0 versus the alternative
hypothesis Hy - eV h > 0, the Neyman-Pearson lemma smplica that the teat that rejects Hy when
el X = zoveTYe 1o UMP at level «; ie., for any other power function w(h) such that =(h) < a
for cvery b with eV h = 0, then for cvery b with eTh = 0,

f;lh
hy<l—@(z, — — _
x(h) i ,_E,.Eﬂ)

Theorem 2 ((sce van der Vaart, 1998, Theorem 15.4, p. 219)).  Supposc the following:

o [P0} amc loeally asymptotically normal (LAN}) at 8y with non-singular Fisher information
Iy, -
o let (0] be differentiable at Oy, {f) =0 ﬂrtdijﬂgu he non-zero.

Then for any sequence of level « teata for testing Hy - f(#) < 0 versus Hy 2 /(@) > 0 and for
cvery h auch that ¥ h > 0, we have that their corresponding power functions sabiafy:

]E]—E.:.!p (f]'n + ﬁ) < 1 ( vfﬁfrﬂuft;nlﬁfrg;) (1)

Proof. Choose k such that 1,|-.'Jg.uh = (1. Take a subsequenee along which the imsup is attained. Thake a further
subsequence along which =, (uﬂ'[. 4 %] converges for all b to the limit = k).

|



2 Local Asymptotic Normality in Tests

The funetion w{k) is a power funetion in the Gaussian limit experiment. For -qfn.u-nh < (), we have

1.i:(ﬂu+ %) = % {qﬂﬂuh+n{1}) <0

eventually. This implies that

w(h) < ﬁ.itl_lﬂﬂl;p Tr (ﬂn + :—‘m) <
and the eontinuity of 4 implies that m(k) < « for all k such that ¥,k < 0. Thus, =(h) is of level « for
testing Mo - e, b < 0 vorsus i/ - oy b = 0. T]}n power funetion for this test is bounded above by that of
the UMP test given in Proposition 1 (replace el by 1, ). O

Theorem 3 ([lao-score statistie (see van der Vaart, 1998, Theorem 15.5, p. 219)). Let T, be the
slatrabue _ :
'l,'.lllgu.li-ﬂ; ﬂﬂlﬂn

- = -|-|:lj15u|::l::l
\#¢hfg:'¢5n

where Ay, g, = :I'H b fﬂn (Xi) (Note: var[T,] = 1). Then the test that rejects Hy for large values
of Ty, is asymplotically optimal; ic, it atlains the RHS of Eq (1).

I, =

Proof. 'We have

dF, : ;
ﬂrﬂﬁlﬂ,]ﬂﬂ,— n,bg | hfy/m Eﬂ. ﬂ,hTﬂ.—lhTfﬁluh
' dpn:gn 2

~ M ian ) (i w75 )
_RTIgh KTl h'Iph

nsing Shitsky and LAN. Now, Le Cam’s 3rd Lemma implies

A gy = N (Io,h. Ig,)
Henee,
; i L
Vbsdo, 0,

and this has as its power funetion the IRHS of Eq. (1). O

2 Wald Tests

We'll show that efficient estimates take the form
Vi (B~ 00) = Ip,' B g, + oy, (1)-
This implics that the test that rejeets (#) < 0 if
T
Vih (0) = zay i 1; W1

is asymptotically optimal (use the delta method and Rao-score result) for testing Hy - (@) < 0, at every
point #y on the boundary of M.
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Example 4 (Onec-sample Loeation Model). Suppose that Xy,..., Xn are drawn from a loeation model
f{x—0) where f is a symmetric density with finite information Iy, We want to test the hypothesis Ho - 0 =0
vorsus the alternative Hy - 8 = 0. The optimal asymptotic power of this test is given by,

1-& (z.;. .in,.'"'f_j')-

To achicve this power, we use the score test:
1 1 i
Ty = —— =(X;) 1 1).
wr O

When f is completely known, we just use the first term. Often, though, f has the form f{x) 1}'11-{

ir
where o is an unknown seale parameter. In this case, we have

)

ChL

1 # 1 f}rx
TFO=755 )
Nonetheless, using a consistent estimate of &, oy, yields the RHS result in Eq. (1).

For example, consider the t-test for a standard Gaussian density  fi:
F
& (x) T
0
Iy, 1

Thus, we want T), :}._-_: 3. Txrl b op{n~?), or rather T, ﬁi; b op(n~?). The statistic,

Lﬁi—:

salisfies this requircment.

3 Signed Rank Statistic

Consider the statistic of the form: |
Tn pr - g %,ra;llﬁiﬂ*"{xi]

whero R,LI- iz the rank of | X;|. These seores can be generated through a function ¢ by

ani = Eg(Ung)

where Uy are the order statisties from a uniform distribution. As we will see next time, rank statisties
achicve the optimal asymptotic power.
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