PHY 2061 Enriched Physics 2 Lecture Notes (Gauss” and Stokes Theorem

Vector Calculus Theorems

Dhsclaimer:  These lecture notes are not meant to replace the course textbook. The
content mav be incomplete. Some topics may be unclear. These notes are only meant to
be a study aid and a supplement to vour own notes. Please report any inaccuracies to the
professor.

Gauss’ Theorem (Divergence Theorem)

Consider a surface 5 with volume F. If we divide it in half into two volumes ] and I3
with surface areas 5] and 537, we can write:
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since the electric flux through the boundary [ between the two volumes 1s equal and
opposite (flux out of I} goes mnto 7).

Now let’s continue this process of dividing the original volume into a great number of
infinitesimal volumes, each cubic in shape:
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Consider now one of these small cubic volumes. Consider one corner of this cube at
posttion|( x,. ¥,.Z, ). The length of each side 1s Ax, Ay, Az, and each face 1s perpendicular

to one of the coordinate axes.
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We are interested in computing the flux passing through this small volume. The flux
through the top and bottom faces will only depend on £, since E-dA =0 for the other 4

faces. Since the cube 1s infinitesimal, we can do a Tavlor expansion of the field about
(%y-¥y. 2, ) and find the y component of the field at the center of the bottom face
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similarly for the top face (I + % V+Av. z+ %J we have:
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S0 the net flux between top and bottom 1s:
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The negative sign arises because the electric field points into one surface (chosen to be
the bottom) and out of the other (top). Thus,
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We can apply the same procedure to the other two pairs of sides:
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50 the total flux passing through this infinitesimal volume 1s:
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Here we have mtroduced the volume element &) = AxAvAz | and the divergence

operator:
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Where the gradient operator 1s defined by:

Now we can sum the contributions from all infinitesimal volumes comprising the full
volume V-
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This forms Gauss™ Theorem, or the Divergence Theorem. It states that the surface
integral of E-dA can be related to the volume integral of V-E .
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