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Last Time

Blamy continueous-bme systens con be represemied sath differential
e Lo,

Example: leaky tank
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Differential equeation representation:

reylt) =it} maft)
Lapst tirme we consadered bwo methods to sove differential equatcns:
& sobamng eomogeneows and particolae equabions

& singularity mabchimg

Solving DifTerential Equations with Laplace Transfonm

The: Laplace transform peovides a particularty poseerfol mebhoad of
sahving differential egeations — it transform= 2 differentisl squation
inbo an akpebrsc equartion.

Method {where £ represents the Laglace tramsform):

differential ~ algebraic
ek " eguation
] =oHwe
algebraic I solution Lo

i . . ¥
i M ' differential egeation

Laplace Transform: Definition

Lagdaos tramsfoom maps @ function of time § o o function of
X(s) = J||' o et

There are bess irmportant wariants:

Umnilateral {1807

X(s) = J{m (e " d

Bilateral {6.00:2)

I[.-a:l-j—m :[J::h':"'d!
—
Eoth share important propesties — will discess differemnces ter.

Laplace Transforms

Exampie: Find the Lapiace tramsform of 2 (2):
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X, (s) = E:,l;m--’.ﬂ- f;‘-:‘“"ﬂ"uﬂ -

provided Fefs | o) > 0 which implies that Bels] = .
- plnee
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Check Yoursell Regions of Convergence
£01) o Left-sided signals have left-sied Laplace tramsforms (bilaterasl onby).
2
. E E
Zy(L) = {t" Y l‘/\ e x5(L)
il otherwss: . asft) = { P A | .
o 0 e herwise //t .
[ Which of the following is the Laplace transform of z.(0)7 ]
—ia 1)
1. Xyls) = 'F-F':IH?-F?F . Refs} = 1 Xals} = F 23t} Tt = ju et - F[_i ) - :: -
i =
2. Xals) = e+ Relsh > 2 provided Fefs | 1} < i) which implies that Re[s] < 1.
A Xo(s) = m : Rejs} = 1 U - ol
4. Xzl3) = gy + Rels = 2 1 EIE
B none of e abowe 41" Refa} < -1 1
Left- and Right-Sided Signals Left- and Right-Sided ROCs
Wi can concisely express lefit- amnd rgghit-=ded signaks by muitiplscsy- Laplace transforms of lefit- and nght-sided esponentials base the
tion with step functions. same form (eooept ) with left- and right-sided BOCs, respectisely.
time function Laplace trunsform
2 <Rl
:,n:!]-{n—-l if =0 E'II:]\\ ‘ Ii\ a-plane
I vk e
[
= e ult : -
ahs il . Ib : a4 1
et ife<n za(t)
25(t] = : RSt | . u - plame
Crwis =
= e~ tuf 1) //,,‘» 1 " '“r{ I) . E
L = ——
//’1 : - |
Check Yoursell Solving DifTerential Equations with Laplace Transforms
- y Solve the following differential equation:
I Find the Laplace tramsform of z40t). @lL) b pa(E) = [}
£4(L) Take the Laplace trarsform of this eguation.
ey} =M /'1\\ £[#t) 1 %)} - £ [3e)}
i T Laplsce transfonm of a =mm s the sum of the Laplhsce transforrms
“ (prove this as an exercise).
Xils) -2 w<Rels]cm Cwltl} 1+ £{pit)] = £ (&)}
X2} = ﬁ! : 1< Refs] <1 What's the Laplace transform of a derivative?

..L"_,{.i-}-:b, oo Refs) < o
.J."q{.i-]-—ﬁ:-.!i 1= Refs] <1

none of the abowe

poa R
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Laplace transform of a derivative

Asmurme that X (=) is the Laplace transform of z(1):

X(a) = J|I"m (et

Find the Laplsce transform of gt = £(1).
Vst~ [ siea
: F {t)e—ds

- aee T, [ sl

The first term must be sero since Xis) converged. Thus

¥ s} = ﬂfm (el = 3 X (x)

Solving DifTerential Equations with Laplace Transforms

Hack to the proeveous peobderm:

£ [t} 1 £ {wlt)) = £ [8(t)}
Let ¥is) represent the Laplace tromsform of yif).
Then s¥(s) is the Laplsoe transform of gL).

A¥ () | ¥(x) = £ [#0))

What's the Laplace transform of the impuiss function®

Laplace transform of the impulse Tunction

Let () = (L)

I(n)-f:.i{!].e"’.ﬂ
-fm.i{!] e W

- | ey dr

-]
Sifting property: &) sifts out the value of the integrand at ¢ - 0.

Solving DifTerential Equations with Laplace Transforms

Back to the proeveous probbderm:
a¥(s) | ¥is) = £ (#i)} =1

This s a =mple algebraic expression. Solve for ¥(s):
¥z} =

a1

Wietve seen this Laplace bransform presiousiy,
wll) = e taft] ey mob g(t) = e—ful 1) 7)

Notioe that we sohved the differentiol equation 20 | L) = S(E) with-

oub computing eenogeneors and particular scdutions amed withowt

singulariby matching.

Solving DifTerential Eguations with Laplace Transfornms

Summary of methodd.

Start with differential equation:
#le) 1 wit) = 6it)

Take the Laplace transform of this cguation:
¥ () ) ¥is) =1

Sohe for ¥is):
¥[a) =

A1
Take inwerse Laplace transform (by recognizing form of tramsform):

wlt) = & uit)

Solving DifTerential Couations with Laplace Transfornms

Recognizing Lhe forrm ..
I there o mone systomabic way o Gake an imeerse Laplsce transfoom ?

Ye=s . and o
Formaliy,

2{f) = ﬁ T sk

s =]
st Lk anvbesgrad s ned generally sy to compute.

This equeation can e esefol Lo prove Cheorems.

We will find better ways (e.g., partial fracthons) to compute neerse
transformes for oommon systems.




