" BASIS Math 21b, O. Knill |

LINEAR SUBSPACE. A subset X of BR™ which 15 closed under addition and scalar multipheation 15 called a
linear subspace of R™.

WHICH OF THE FOLLOWING SETS ARE LINEAR SPACES?

a) The kernel of a linear map. d) the ine » + y =1
b} The image of a linear map. e] The plane »+y+ 2z =1.
¢} The upper half plane. [} The umt crcle.

BASIS. A set of vectors 7, . . ., i, 15 a basis of a inear subspace X of R™ if they are
linear independent and if they span the space X. Linear independent means that
there are no nontrivial linear relations aith + . .. + gmim = (). Spanning the space
means that very vector @ can be wntten as a hnear comhbination ¥ = i +. . .+ dmim
of basis vectors. A linear subspace is a set containing {0} which s closed under
addition and scaling.

1 0 1
EXAMPLE 1) The vectors iy, = ! 1 l da=11],%=]|0 l form a basis in the three dimemsional space.
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I a= [ 3 ], then ¥ = ¥, + 285 + 3¢, and this representation 15 nmgque. We can find the cosfhicients by solving

AF = ¥, where A has the vy as column vectors. lnuu.r:mae,ﬂ:l-i [f [1I-| [;-l= [;] had the umque
z

lovo]]=] |s]

solution » = 1,9 = 2, z = 3 leading to ¥ = &) + 2%, + Jil;.

EXAMPLE 2) Two nonzero vectors in the plane which are not parallel form a basis.

EXAMPLE 3) Three vectors in R* which are in a plane form not a basis.

EXAMPLE 4) Two vectors m R* do not form a basis.

EXAMPLE 5) Three nonzero vectors in R which are not contained in a single plane form a basis in R?.
EXAMPLE 6) The columms of an invertible n » n matnx form a basia in R™ as we will see.

REASON. There 15 at least one representation becanse the vectors
iy span the space. If there were two different representations v =
ay iy +. . gty and § = by +. . .4+ by 17, then subtraction would
lead to 0 = (ay — & )7 + ... + {8y — by )Ty This nontrivial inear
relation of the vy 15 forbndden by assumption.

FACT. If v, ..., ¥y 15 a bazis, then every
vector @ can be represented uniguely
a5 & hnear combination of the @

T =mil + ...+ Gnin.

FACT. If n vectors €, ..., 7n span & space and fy, ... 10 are near independent, then m < n.

REASON. Ths 1= itmtively clear in dimensions up to 3. You can not have more then 4 vectors in space which
are linearly independent. We will give a precise reason later.
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A BASIS DEFINES AN INVERTIBLE MATRIX. The n x n matrix 4 = [ t, # ... @y | isinvertible if

|| I
and only if ©4,. .., tn define a basis in R™.

EXAMPLE. In the example 1), the 3 = 3 matnx A s invertible.

FINDING A BASIS FOR THE KERNEL. To solve Ar = (), we bring the matnx A into the reduced row echelon
form rref{A). For every non-leading entry in rref (A4), we will get a free vanable ;. Wnting the system Ax =10
with these free vanables mves us an equation ¥ = 37, 4. The vectors & form a basis of the kernel of A.




REMARK. The problem to find a basms for all vectors 4 which are orthoronal to a given set of vectors, 15
equivalent to the problem to find a ba=s for the kernel of the matrix which has the vectors o 1 its rows.

FINDING A BASIS FOR THE IMAGE. Bring the m = n matrix A into the form rref{4). Call a column a
pivod column, if it contams a leading 1. The corresponding set of column vectors of the onpinal matrnix A
form a basis for the image becawse they are inearly independent and are in the image. Assume there are k of
them. They span the image becanse there are (£ — n) non-leading entnies in the matrix.

REMABRK. The problem to find a hass of the subspace penerated by 71, . .., ¥n, 15 the problem to find & basis
for the image of the matrnix A with column vectors @, ..., ¥.

EXAMPLES.

1) Two vectors on a line are linear dependent. One 13 a multiple of the other.

2) Three vectors in the plane are linear dependent. One can find a relation aify + bt = @& by changing the sie
of the lenpths of the veetors 7, & until @ becomes the disponal of the parallelogram spanned by @, 7.

3) Four vectors in three dimensional space are linearly dependent. As in the plane one ean change the length
of the vectors to make @ a diaponal of the parallelepiped spanned by @, @, .
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To determne a basis of the kernel we wnte Br = 0 a3 a system of hnear equations r+y =0,z = ). The

variable ¢ 15 the free vanable. With y = £, # = —{ 13 fixed. The hnear system rref{ A)r = 0 15 solved by

T -1 1
F=|y |=t] 1 |. S0, = 1 15 a hasis of the kernel.
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EXAMPLE. Because the first and third vectors in rref{A) are columns with leading 175, the first and third
0 1
El:l-lll.l'l'll'ﬂir]=[l [Iluf.-!funnnhﬂahnltheinmgeulﬂ.
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EXAMPLE. Let A be the matnx A = . In redueced row echelon form 158 B = mef(A4) = | 0
0

2Ty =

WHY DO WE INTRODUCE BASIS VECTORS? Wouldn't it be just
easmier to look at the standard basms vectors &, .., &, only? The rea-
somn for more peneral bass vectors 15 that they allow a more Hexible
adaptation to the situation. A person mm Pans prefers a different set |
of basiz vectors than a person m Boston. We will also see that i many
apphcations, problems can be solved easier with the nght bass.

For example, to describe the reflection of & ray at a
plane or at a curve, it 15 preferable to use basis vec-
tors which are tangent or orthoponal. When looking
at a rotation, it 1 good to have one hasis vector n
the axis of rotation, the other two orthogonal to the
axis. Choosing the nght basis will be especially 1m-
portant when studyving differential equations.
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A PROBLEM. Let A = 1 1 1 }. Find a bass for ker{A) and im{A).
n 1 2
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SOLUTION. From rref{A) = [ 00 1 2 |weseethat=#= | —2 | i15in the kemel. The two column veetors
oo o 1
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[ 1 ] | 21,1 | of A form a hasis of the image because the finst and third column are pivot columns.
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