Worksheet 4£2: Vector-Valued Functions

I. Lines and Curves in Space

1. (Dimension matiers!)

I. In the xy-plane, the sel ol poinls described by the equaltion ¥ = r is a:

LINE PLANE

I1. In the xyz-plane, the sel of points described by the equalion y = x is a:

LINE PLANE

ITI. Suppose [ and g are lunclions. Explain why the sel of poinis in Lthe
xyz-plane described by a relationship y = [(x) is a surlace. Is the setl of

points described by z = g(x, y) a curve or a surface?

2. Lel [ be the line parallel lov =14+ 73— 3k thai passes Lhrough (1,0, 1).

I. Find a parametric descriplion ol 1.

II. Determine il I lies on Lhe plane x4+ 2y + z = 2. Explain your answer!

3. Lel I be the line thal passes through (1,2, —1) and (3,4,0).

I. Find a parametric descriplion ol 1.

II. Find a value [or a so the line [ lies on the plane © — y + az = 3 or explain
why Lhere is no such value [or a.

4. Find a parametric description of the line passing through (—1,2,3) thal is
perpendicular to bolh e =i+ k and v = j— k.

h. Find a vector parallel to the line (1) = (3 + 2,4 — 1,6 + b).
i. The curve 7 is deseribed by the vector-valued lunction () = (15,20 + 1, 3% + 41)

I. Determine whether the point (x,y, z) = (1,3,4) lies on the curve . Explain
YOUT ANSWEr.

I1. Find all points (x, y, z) for which which the curve intersecils Lthe surlace
dr —y* + z = 28.

Il. Calculus of Vector-Valued Functions

In(2f — ﬁ]|>

7. Consider the vector-valued lunction 7{1) = <\..-""i + 4, 71

I. Find the domain of 7{L).
I1. Determine the intervals on which #{1) is conlinuous.

et —1
8. Consider the veclor-valued lunction #{t) = <5£, : A -’-H)

1



I. Find the domain of 7{t).

I Iz #(t) continuous al £ = 07 Explain your answer.

IT1. Deline a new veclor-valued [unclion .ﬁ'{t]l by requiring that R:I:I} = (1) when
L £ 0 and R(1) = {0,a,0) when { = 0. Determine a value [or a so the [unction

(1) is continuous al { = 0 or explain why no such value lor a exists.

9. Find (1) for the ollowing curves:

I F(1) = {14+2L,3 —4L,6 + Ti)
IL (1) = {te', In(1 + £*), Ge™)
III. #(1) = {t*, coa(2t),sin(L*))

10. A curve € is described by the vector-valued unction 7(£) = {1+ 20,3 — 41,6 + TI).

I. Find a vector parallel Lo Lthe tangent line Lo the curve when [ = 1.
I1. Find all {-values for which ) and /(1) are orthogonal.
ITl. IFind the unil tangent veclor Tﬁ"{.t]l lo Lthe curve.

11. A curve ' is described by the veclor-valued lunclion (1) = (1%, 4 — 21*, £ + 2}.

I. Find all {-values [or which 7{£) and 7'(f) are orthogonal.
II. Find the unil tangent veclor 'f"{.t]l lo the curve for £ > ().
ITl. Find a parametric description of the tangent line to the curve when | = 2.

12. Consider the cubic y = x7.

I. Find the Cartesian equation [or the tangent line Lo the curve when ¢ = 8.

IT. A parameterizalion (1) [or the cubic is 7{L) = ({,"). Find a paramelric
deseription of the tangent line when 3y = 8.

IT1. Do your answers Lo Parls 1. and I1. describe the same line? Explain!

13. Suppose thal 7 is a curve described by Lthe dillerentiable veclor-valued [unclion
(1) and assume additionally that |7 (1)| = 4 [or all I.

I. Is it true that (1) = 0 for all £? Explain!
I. Iz it true that (1) is constant for all time 17 Explain!

IT1. Find an explicit example of a vector-valued lunction 7 (1) lor which |7(1)]| = 4
bul for which |[7(t)| = ¢ [or all lime 1.

IV. Show thai (1) and (L) are orthogonal for all time L.

14. The starting position of a particle is given by #10) = {0,0,0} and ils acceleration

is described by the veclor-valued [unciion d(l) = {—3,0, —61) [or L = 0. Suppose
the initial velocity is given by #(0) = {60, 10, 75). Find:

I. The velocity [unction.



II. The speed [unction.

ITI. The position lunclion.

IV. The maximum z-height of the parlicle when { = (0.

V. The tolal distance Lthe particle travels [rom ils starting localion once it hils

Lhe ground.

15. Given that (L) = (1%, 30,1) and (L) = {6f,4L%, €'}, find:

I. (L) - o7(L) IV. The orthogonal projection of (L) onto w(0)
d o d :
I1. e [1=2(1)] V. rr [1(1) - #(1)]
L. 2 ir) x i VL £ [projue #(1)] wi 3
- = [#(L) x #(t)] 7 [;rruu;,_,-,:”], 'e.r{.l',}] when [ = o

II1. Arclength

16. Suppose thal a curve € is described by a dillerentiable vector-valued [unetion
r(1). Explain how to determine whether the curve is paramelerized by arclength.

17. Concepilually, whal is the difference belween using a (Lime) parameter [ versus Lhe
arclengih parameler s Lo describe a curve?

18. Given that (1) is a diflerentiable vector-valued linction that is nol paramelerized
by arclengih, explain how Lo lind a deseription of the curve thal uses arclength as

a parameter.

19. Given the [ollowing vector-valued [unclions defined on [a, 8], find the lengih of the
curve Lthey describe [rom L =a to L = b.

I (1) = (2cos(3t), —2sin(3L)), [a,b] = [0, ]
IL. () = {*, 1%, 1%}, [a,b] = [0,1]
II. ) = {5&,4&‘1-’3, —f.} , |a, b = [0, 4]
20). For each ol Lthe vector-valued [unctions above, determine whether the curve is

paramelerized by arclengih. For each Lhal is nol, give a descriplion thal uses
arclenglh as a parameler and give the domain ol the arclenglh parameter!

21. A curve (7 18 deseribed by a dillerentiable veclor-valued [unction:

.
F1) = <s1£'*“,1, ?]f"“> for 0 < (<4

I. Determine whether the curve is paramelerized by arclength. I it is nol, give
a description ol the curve thal uses arclength as a parameter. Do not l[orgetl
lo give Lhe domain of the arclength parameter!

I1. Find the length of this curve.



