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A Propagating Wave Packet — The Group Velocity

Overview and Motivation: Last time we looked at a solution to the Schrédinger
equation (SE) with an initial condition w(x,0) that corresponds to a particle initially
localized near the ompin. We saw that wir?) broadens as a function of time,
indicating that the particle becomes more delocalized with time, but with an average
positon that remams at the ongin.  To extend that discussion of a localized wave
(packet) here we lock at a propagating wave packet. The two key things that we will
discuss are the velocity of the wave packet (thus lechure) and its spreading as a function
of time (next lecture). As we shall see, both of these quantities are intimately related
to the dispersion relation alE). This dizcussion has applhications whenever we have
localized, propagating waves, mcluding solutons to the 5E and the wave equation
(WE).

Key Mathematics: Tavlor series expansion of the dispersion relation al(k) will be
central in understanding how the dispersion relation 1s zelated to the properties of a
propagating wave packet The Founer transform 1s again kev because the locahzed

wave packet will be descnibed as a hinear combimnation of harmomnic waves.

I. A Propagating Schrédinger-Equation Wave Packet
In the last lecture we found the formal solution to the irutial value problem for the
tree particle SE, which can be wntten as

o] 2T i ' ’

wheze the coefficients C(k) are the Fourier transform of the initial condition w(x,0),

Clk)= ,1_ ey x,0)e = (2)
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and the dizpersion relation (for the 5E) 15 goven by

I
al k)= _ (3)
= =

The example that we premicusly considered was for the nutial condition

wix,0)=ye=le ()
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We zaw that for increasing positive time !_;'-"|:I=f} becomes broader (vs x ), but its
average position remains at the ongmn. 5o, on geergge the particle 1= motionless, but
there iz increasing probabality that it will be found further away from the onmn as ¢

ICTEases.

So vou mught ask, what mutial condition would descoibe a particle wutially localized at
the onmn_ but propagating with some average velocity? Well, here 13 one answer:

¥"'{I='|::':I s !l‘;,-:lgl.ir,:g—:'-ll',_—.: _ ﬁ:l

As will be demonstrated below, you may think of k, as some average wave vector (ot
momentum #E, through deBroglie's relation p=#k) associated wath the state yrix,z).

As we did in the last lecture, let's find an expression for w(x,7). We start by using Eq.
(2) to calculate C(k), so we have

o
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Clk)=—2 [dxe=le gl (6)

This almost locks like the Founer transform of a Gaussian, which we can calculate
Indeed, we can make it be the Founer tranzform of a (zaussian if define the vanable
k'=k—k,, so that the ths of Eq. (6) becomes
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This equals the Gaussian (in the vanable &')
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and now reusing the relaton &'= k- &, we can wnte

C{k}= #";f gl & e _ lfgj

W

 As we stated in the last lectoce, the Fourier transform of the Ganszian /7 iz another Ganssian
Lag FTIt
4z
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Note that if &y =0, then we obtan C{k}=1:wnﬁfﬁ]e_i:'f’r4, the result from the last
lecture.

Equation (9) tells us several simportant thungs. Recall that we are describing the state
wix,t) as a linear combination of normal-mode traveling-wave states E‘T“_"“'rj]ﬂ, each
of which is charactenzed by the wavevector & =21/l and phase veloaty
Vor = @(K)/E=hk{2m. As Eq. (1) mdicates, the function C(k) iz the amplitude (or
coefficient) associated wath the state wath wavevector k. As Eq. (%) indicates, the
coefficients C{k) are described by a Gaussian centered at the wave vector &,. Thus,
vou may think of the state w(x.¢) as being characterized by an average wave vector k,.
The width of the function C(k), with width parameter 2/, iz also key to describing
the state w(x,7). Because this width parameter iz inversely proportional to the
localization (characterized by o) of the imtial wave function yix,0), we see that a
more localized wave function w(x,0) requires a broader distribution (characterized by
2/o ) of (normal-mode) states in order to descobe it. Insofar as momentum 15 equal

to kk, this inverse relationship between the widths of w(x.0) and €(k) is the eszence
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