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Lecture Notes

Difference Equations and Z Transforms

Zee secret v i zee Bransformns,

Difference Equations with Input

S0 far, we've used difference equations to model the behavior of systems whose values at some time
depend only on their own values at some previons time points. But it s also immportant to consader
systems that depend on an imput value, as well.

Let's et the idea by consadering a very simple example to start.

Example 1 Let's think aboul a szmple first-order system undh a constané mput. We can think, for
imnstance, of o bank account, bke Zelda’s or Oswald’s, mito which o comstant payment © w deposiied

each yeor.

We would mode] that system using the difference eguation

yin) —eyln 1) 1c.

Becanse of the input, ¢, it 13 called a non-homogenons diference equation. Becanse it 13 so simple,
wet can see what's poing on Just by expanding 1f out:
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That last step = the standard formula for the sum of a geometne serwes.

What will happen to this bank account as n goes to nfimty? It's clear that of e = 1 then the
first term will po to positive or segative infinity, and we needn’t bother thinking about the second
term. However, if |a| < 1, then as nogoes to infinity, the whole expression goes to /(1 a).

B, for excample, if Uncle Oswald lived forever, with a $100/ year being deposited imto his acoount,
which as you may recall, had a 5% manapement feo, the steady state value of the account would be

100/(1 0.95) — 2000.
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More penerally, a hnear difference equation with mput can be described m the form

Y ayin ikl =Y bxnil) . (1)

We can think about it as a process by which a sequence x{n) s tramformed into a new sequence
yin). If x(n) 0 for all n, then this is one of our old familiar homogeneons (without input)
difference equations from last time, but written shightly differently. To comvert back 1nto that form,

wer'd have to say
K
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For the study of the behavior of more complex systems, we'll ind 1t alpebrascally easer to write
difference equations m the form of equation 1.

For difference equations with mputs, natural frequencies play an mmportant role, amd can be nsed
to compute solutions. The peneral solution to a linear difference equation has two parts, one of
which depends only on the mitial conditions, and one of which depends on the mput. The details
of how to derive a complete clossd-form solution are oool, but more detail than we want to pet
mto i this course. We are poing to continue to concentrate on the qualitative behavior of systems
descnibed by difference equations, i particular nderstandimg whether or not a given system wall
be stable in the sense made preces: by the debnition below.

Definition 1 A system s bounded-input bounded-output (BIBOY) stable if x(n) betng bounded for
all . necessondy tnphes that y(n) wll also be bounded for all n.

For linear difference equations, If the natural frequencies (roots of the characteristic polynomial)
A; associated with the difference eqguation are all such that |A;] < 1, then the associated system s
BIBO-stable. So, our brst step i understanding the behavior of a system, with or without 1mput,
15 to determine the magnitude of the system’s natural frequencies. In the format of equation 1, the
natural frequencies are the roots of the charactenstic polynomial

K
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Abstraction and modularity

We've introdoced two kinds of obpects m our informal discussaon above: sequences and drens forma-
trons on seguences. As we buld complex control or sipnal-processing systems, or wish to analyze
Aunt Zelda’s secret inancial empire of linked companies, imvestments, and bank aceounts, we need
to develop a systemn of modulanty and abstraction so we can put small peces topether mto a clearly
umnderstood amd analyzable system.

We will restrict our attention to a limmited but powerful class of sequences, thoses which are solutions
to difference equations with mput sequences which are bounded. We can start by debmng a2 set
of primative operations on sequences, ones which puarantee that there s a difference equation that
relates the prven mmput, usnally denoted as xin), to the inal output, uwsually denoted y(n). These
primative operations are:
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Additzon: yin) — xq(n) | xz(n)
Sealrng: y(n) — kx(n)

Shaftang back yin) —x(in 1)
Shaftrng forwerd: yin) —xin | 1)

Note that the general difference equation in { 1) can be generated by a combination of scaling,
shifting, and adding. Repardless of whether we are referring to one of the primative operations, or
to a general difference eqguation, we think of a systern as taking an mput sequence and prodoecing
an output sequence.

When representing more complicated systems, two primary methods of combination for systems are
gquite: helpful:

o Cascade: Using the output sequence of one system as the the input to another system,
o Porallel sum: Summing the sequences penerated by two different systems, to penerate an output

In the next sections, we'll be able to define this all muoch more formally.

The mmportant thing here s that when we combine systems, we pet another system, and that
system has the property that the relationship between the imput sequence and the output sequence
15 describable by a linear difference equation.

Z Transforms

In the Coyvote and Roadronner example from the last lab, we had to play with two coupled hnear
difference equations. We made it all work out, but it was a lot of alpebra. We could think of that
as a cascade of two systems, with the output of one (the coyote population) being treated as input
to the other (the roadrunner population) and vice versa. As we want to build ever more complex

systems, the alrebra will get even more complicated, amd not be any fun.

Remember how we made multiphcation of complex numbers a lot easier by changng to the complex
exponential representation? It turns out that we can make operations on sequences a lot easier
represent by changing the sequence representation, using something called the z transform (also
known as penerating functions in much of the computer science literature). The ztransform rep-
resentation of & sequence 3 no weaker or stronger than the sequence representation: a sequence
has has exactly one representation as a » transform, amd every power series representation of a =
transform correspomnds to exactly one sequence. [ts easier to calenlate values of the generated by
a svstem using the difference equation representation, and we will see that it 15 easier to combine
sequences amd operate on them wsing the s-transform representation.

S0 here we po. The official s-transform definition:

Dehnition 2 Let xin) e a semence. The halateral Z-transform of x(n) s the funcion
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What = this about? If we picked a particolar z, then this would just be a number, which sumomed
up the power series for that z. Bot the number wouldn®t be a umque representation of that seres,
becanse there are other series that could have the same sum for that particular value of z. But if



