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Linear Systems and Z Transforms

Zee secret v i zee Bransformns,

Difference Equations with Input

S0 far, we've used difference equations to model the behavior of systems whose values at some time
depend only on their own values at some previons tine points. But it s also immportant to consader
systems that depend on an imput value, as well.

Let's et the idea by consadering a very simple example to start.

Example 1 Let's think aboul a szmple first-order system undh a constané mput. We can think, for
wmnstance, of o bank account, ke Zelda’s or Oswald’s, mito which o comstant payment © w deposibed

each yeor.

We would mode] that system using the difference eguation
yn| —oyn - 1] 1 ¢ .

Becanse of the input, ¢, it 13 called a non-homogenons diference equation. Becanse it 13 so simple,
wet can see what's poing on Just by expanding 1t out:
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That last step = the standard formula for the sum of a geometne serwes.

What will happen to this bank account as n goes to nfimty? It's clear that of e = 1 then the
first term will po to positive or segative infinity, and we needn’t bother thinking about the second
term. However, if |a| < 1, then as nogoes to infinity, the whole expression goes to /(1 a).

B, for excample, if Uncle Oswald lived forever, with a $100/ year being deposited imto his acoount,
which as you may recall, had a 5% manapement feo, the steady state value of the account would be

100/(1 0.95) — 2000.
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More penerally, a hnear difference equation with mput can be described m the form

5 ™
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We can think about it as a process by which a sequence x[n| 15 transformed into a new sequence
yl[n|. i x[n] — 0 for all n, then this is one of our old familiar homogeneous (without input) difference
equations from last time, but written shehtly differently. To convert back into that form, we'd have
to say
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For the study of the behavior of more complex systems, we'll ind it alpebracally easier to write as
m eqquation 1.

Fven in more complex problems, 1t will still be the case that the solution to the diference equation
has two parts, one of whech depends on the mitial conditions, and one of which depemds on the
mpuat. The detals of how to denve a complete closed-form solution are cool, but more detail than
we: want to pet mto 1 this course. We are going to continee to concentrate on the gualitative
behavior of the system, in particular understanding whether or not 1t will be stable.

Definition 1 A sysiem s bounded-input bounded-output (BIBO) stable of, whenever x[n] s
bonnded, for all n, then yln] 5 also bounded for all n.

If the noturnl frequencies (roots of the characterstic polynomial) Ay associated with the difference
exuation are all such that |A;| < 1, then the assocated system s BIBO-stable. So, our st step
mm understanding the behavior of a system, with or without mput, = to understand its natural
fresquencies. In the format of equation 1, the characteristie polynomial s
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Abstraction and modularity

We've imtroduced two kinds of objects in our informal discussion above: sequences and fransforma-
trons om seguences. As we build complex control or sipnal-processing systems, or wish to analyze
Aunt Zelda’s secret financial empire of linked companies, investments, and bank accounts, we need
to develop a system of modulanty and abstraction so we can put small preces topether mto a clearly
umnderstood amd analyzable system.

We will restrict our attention to a limmited but powerful class of sequences, which are delined by hnear
difference sgquations with input. We can define a set of primitive operations on those sequencess,
which puarantee that if the input sequences are describable in terms of linear difference equations,
then so are the results:

o Addition: yln] — xy[n] 1 xzn)

o Sealing: yn] — kx[n
o Shifting back: yln| — xn 1]
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o Shifting forward: y[n] — xfn | 1]
We will call operations on sexquences systern funcluons.

If these were the only operations we conld do, we wouldn’t be able to pet very far. In fact, we can
take these primitive operations, and combine them using two primary methods of comnbmnation:

o Cascade: Feeding the output of one system function mto the mput of another
o Porallel surn: Peeding the imput into teo different syvstem fonctions, adding the resolts, and
letting that be the output

(See pictures in lecture slides)) In the next sections, we'll be able to define this all much more
formally.

The important thing here 15 that when we combine system functions, we get another system fune-
tion, amd that syvstem function has the property that the relationship between the mmput sequence
and the output sequence s deseribable by a linear difference eguation.

Z, Transforms

In the Coyvote and Roadronner example from the last lab, we had to play with two coupled hnear
difference equations. 'We made 1t all work out, but it was a lot of alpebra. We could think of that
as & cascade of two systems, with the outpot of one (the coyote population ) being treated as inpot
to the other (the roadrunner population) and vice versa. As we want to build ever more complex
systems, the alpebra will pet even more comphcated, amd not be any fun.

Remember how we muade multiplhication of complex numbers a lot easier by changng to the complex
exponential representation? It turns out that we can make operations on sipnals and syvstem
functions & lot easier by changing their representation, using something called the z fransform. The
g-tramsform representation of a hnear syvstem 15 no weaker or stronger than the difference equation
representation: each hnear difference equation has exactly one representation as a = transform, and
viee versa. It's easier to calculate values of the svstem using the difference eguation representation,
amnd easier to combine sequences and operate on them wsing the s-tramsform representation.

S Here we po. The official debmtion:

Definition 2 Let x[n| be the coeffictents of a power series tn o vartable called z. The bilateral
F-transform of x[n] is the funciion
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What = this about? If we picked a particolar z, then this would just be a number, which sumomed
up the power seres for that z. But it wonldn't be a unique representation of that seres, because
there are other series that could have the same sum for that partienlar z. But if we were to specify
the value the sum for every single possible z, that would exactly nail down our entire mmbimte seres.
S0, we've traded an mbmtely long sernes for a function debned on an mhmte doman. It doesn’t
necessarily seem hke much of & deal. Bot we'll see it was a pood mowve.



